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TURAN NUMBER OF GENERALIZED TRIANGLES 


S. NORIN, L. YEPREMYAN 

Abstract. The family E r consists of all r-graphs with three edges 
D\,D 2 ,D 3 such that |£L n £>2! = r — 1 and D\AD 2 C D 3 . A 
generalized triangle , 7f G E r is an r-graph on {1, 2,..., 2r— 1} with 
three edges ££, £>2, D 3 , such that ££ = {1, 2,..., r — 1, r}, £>2 = 
{ 1 , 2 ,..., r — 1 , r + 1 } and £>3 = {r, r + 1 ,..., 2r - 1}. 

Frankl and Fiiredi conjectured that for all r > 4, ex(?z, E r ) = 
ex(n, T r ) for all sufficiently large n and they also proved it for r = 3. 
Later, Pikhurko showed that the conjecture holds for r = 4. In this 
paper we determine ex(n, T5) and ex(n, T§) for sufficiently large n, 
proving the conjecture for r = 5,6. 


1. Introduction 

In this paper we consider r-uniform hypergraphs, which we call r- 
graphs for brevity. We denote the vertex set of an r-graph Q by V{Q) 
and the number of its vertices by v(£?). Let $ be a family of r-graphs. 
An r-graph Q is 5-free if it does not contain any member of 5 as a 
subgraph. The Turan function ex(n, 30 is the maximum size of an 
3-free r-graph of order n: 

ex(n, 5") = max {\Q\ : v(G) = n and Q is $ — free} . 

When £ contains just one element, say $ := {J 7 }, we write ex(n, T) : = 
ex(n,S'). Let X r be the family of all r-graphs with three edges such 
that one edge contains the symmetric difference of the other two, and 
let E r be the family of all r-graphs with three edges Di, D 2 , D 3 such 
that | D\ fl D 2 1 = r — 1 and D 3 n D 2 C D 3 . A generalized triangle, 
7 r G E r is an r-graph on [2r — 1] with three edges Di, D 2 , D 3 , such 
that Di = {1, 2,..., r — 1, r}, D 2 = {1, 2,..., r — 1, r + 1} and D 3 = 
{r, r + 1,..., 2r — 1}. 

Note that T r G E r and E r C X r . Note also that for r = 2, 3, E r = X r . 
As a generalization of Turan’s theorem, in [8] Katona suggested to 
determine ex(n, X3). This question was answered by Bollobas in [2j. 
He showed that for any n > 3 the complete balanced 3-partite 3-graph 
(that is, the sizes of any two parts differ at most by one) is the unique 
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extremal graph. Hence, 
ex(n, X 3 ) 



n + 1 
3 


x 


n + 2 
3 


Bollobas conjectured that the same result holds for all r > 4. In [ 16] 
Sidorenko proved the conjecture for r = 4, in fact he showed that 
ex(n, X 4 ) = ex(n, S 4 ) and determined the latter. However, Shearer [15j 
showed that Bollobas conjecture fails for r > 10. 

But what can be said about the relation between ex(n, T r ) and 
ex(n, E r )? In [3j, Erdos and Simonovits proved that for any fixed r 


ex(n, %) — ex(n, E r ) = o(n r ). 


Later, in [5], Frankl and Fiiredi conjectured that ex(n, T r ) = ex(n, E r ) 
for n sufficiently large: 


Conjecture 1.1 (P. Frankl, Z. Fiiredi, [S]). For every r > 4, there 
exists no no(r) such that for all n > no 

ex(n, T r ) = ex(n, S r ). 

In their previous work [4], Frankl and Fiiredi showed that Conjec¬ 
ture [FT] holds for r = 3 with very large hq. Keevash and Mubayi [ TO] 
presented a different proof of this result; they showed that one can take 
no = 33. 

Recently, the conjecture for r = 4 was proved by Pikhurko [13]. We 
show that the conjecture holds for r = 5,6. 


Theorem 1.1. There exists no such that for all n > no, ex(n,T r ) = 
ex(n, S r ) for r = 5,6. Moreover, extremal graphs are blowups of the 
unique (11,5,4) and (12,6,5) Steiner systems for r = 5 and r = 6, 
respectively. 

The proof of Theorem 11.11 uses several classical tools, which have 
been widely applied to Turan type problems since the early days of the 
subject. (A recent survey by Keevash [S] gives an excellent overview of 
these techniques.) Let us now present a brief outline of the proof. 

First, we use the density result of Frankl and Fiiredi [5j, who have 
determined ex(n, %)/(™) asymptotically for r = 5,6. The result of [5] 
relics on the application of the Lagrangian method, which goes back 
to the proof of Turan theorem by Motzkin and Straus HU. We further 
utilize the Lagrangian method; in Section [2] we develop a set of tools for 
transferring results from the weighted (Lagrangian) to the unweighted 
setting and in Section [4] we prove a stability result which essentially 
relies on the continuity properties of the weighted setting. 
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Second, in Section 0 we employ and streamline the symmetrization 
procedure, used earlier by Sidorenko [tBj, Pikhurko [13] and others. We 
prove a generic theorem which allows one, under certain conditions, to 
derive a global stability result from its local version. This theorem has 
potential further applications, in particular, we use it in [12] . 

Third, we derive Theorem 11.11 from a stability argument, showing 
that sufficiently dense 7^-free graphs are close (in the edit distance) to 
the blowups of the respective Steiner systems for r = 5,6. The sta¬ 
bility technique for establishing structural information in the extremal 
setting originated with Erdos-Simonovits Stability theorem [3]. We il¬ 
lustrate some of our terminology and techniques by giving a proof of 
that theorem in Section [6] 

Section [7] contains the bulk of the technical work in the paper, estab¬ 
lishing Theorem 11.11 for graphs which are close to the blowups of the 
respective Steiner systems. Here we also need to extend the classical 
arguments. In most of the known applications of the stability method 
as an intermediate step one shows that if the graph under consideration 
has density close to the maximum then it can be transformed into a 
subgraph of the conjectured extremal configuration (a blowup of the 
respective Steiner system, in our case) by removal of a small fraction 
of vertices. As noted in [13], this is false in our case, and an additional 
counting argument is required. 

Finally, in Section [8] we combine the results of the previous sections 
to finish the proof of Theorem 11.11 

2. Notation and Preliminary Results 

2.1. Notation. For an r-graph T and v G we denote by Ljr{y) 

the link of the vertex v: 

LAv ) ■■= {/ e (F(^))^- 1 ) I / u M e T}. 

More generally, for I C F(7 r ) the link Lj-(J) of I is defined as 

LAI ) := {J C V(A) |Jn/ = 0,/UJ6 T}. 

In the above mentioned notation, we will skip the index T whenever 
T is understood from the context. 

We say that an r-graph Q is obtained from an r-graph T by cloning 
a vertex v to a set W if T C Q, V(Q) \ V(IF) — W \ {r} and Lg(w ) = 
LAv) for every w G W. We say that Q is a blowup of T if Q is 
isomorphic to an r-graph obtained from T by repeatedly cloning and 
deleting vertices. We denote the set of all blowups of T by 23(J 7 ). 
We say that a family 5 of r-graphs is clonable if every blowup of any 
r-graph in J. also lies in J. The Hypergraph Removal Lemma 0111] 
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allows one to restrict many arguments related to Tnran-type problems 
to clonable families, and some of the more general results of this paper 
hold for all clonable families. 

Let us introduce another class of hypergraph families, which are 
important for us. For a family of r-graphs let 

m($,n) := max I .FI. 

FeS 

v(F)=n 

We say that 5 is smooth if there exists lim )W00 m(5, n)/n r . For a 
smooth family J we denote the above limit by m($). Our first lemma 
establishes a connection between clonable and smooth families. 


Lemma 2.1. Every clonable family is smooth. 


Proof. Let ^ be a clonable family of r-graphs. Let 


d := limsup 

71—»■ OO 


ra(ff,re) 

n r 


We need to show that for every 0 < £ < 1 there exists N > 0 such 
that m(f8,n)/n r > d — e for every n > N. Let T G $ be chosen so 
that |.F| > (d — 8)v(J r ) r for 5 := e/(d + 1). Let s := v(J r ). For a 
positive integer k, let be an r-graph obtained by cloning every 
vertex of T to a set of size k. Then J e 5 r , v(J r(fc ^ ) ) = ks and 
|jr(fc)| _ > fd — 5){ks) r . Therefore, for n > (s — 1 )r/S, we have 




n' 


>(d-S) 


s[n/sj 


n 


> (d - S) 1 


s — 1 


n 


>(d-5)[l- -—— I > (d - <J)(1 - 8) > d - e, 


n 


as desired. 


□ 


2.2. Stability. In this subsection we formalize and extend the notion 
of stability, which is ubiqutious in the analysis of Tnran-type problems. 

Let 5 and S) be two families of r-graphs. The definitions in this 
subsection will be typically applied to situations when $ is the family 
whose maximum density we are trying to determine, Sj is a substantially 
more structured subfamily of arid our goal is to show that rn($, n) = 
m(S),n) for sufficiently large n. We define the distance ds(lF) from an 
r-graph J 7 to a family $ as 

d^J 7 ) := min \FAT'\. 

v(Jp=vfj P) 
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For e, a > 0, we say that $ is ($),£, a)-locally stable if there exists 
n 0 G N such that for all T G 5 with v(J r ) = n > n 0 and d.^ifF) < en r 
we have 

| T\ < m($), n ) — ad$fiIF). ( 1 ) 

We say that $ is fj-locally stable if $ is (Sj, e, a)-locally stable for some 
choice of £ and a. We say that $ is (T), a)-stable if it is (fj, 1, a)-locally 
stable , that is the inequality (JTJ) holds for all J 7 G £ with v(J r ) = n > n 0 . 
We say that S is ^-stable, if £ is (iy a)-stable for some choice of a. 

Remark 2.2. The classical notion of stability differs from the one we 
introduced here. To parallel that notion, we could define S to be $)- 
stable if for every £ > 0 there exists 5 > 0 such that for all T G S with 
v(IF) = n and (T 7 ! > m(S),n ) — 5n r one has d^(T) < en r . Our notion 
of stability is stronger in two respects: 

• It implies linear dependence between 5 and e in the above defi¬ 
nition. 

• It is meaningful in the regime d^(IF) = o(n r ), allowing us to 

compute Turan numbers exactly. Note that z/S is S)-stable using 
our definition then > m{$,n) for sufficiently large n. 

We refer to our notion of stability as simply “stability” as opposed to, 
for example, “sharp stability”, for brevity. 

2.3. Vertex local stability. We also introduce a weaker version of 
stability (i.e. the requirements imposed on the family are stronger), 
however, in certain cases, as we will see, stability (as defined in Sec¬ 
tion [272]) can be derived from this version. 

Let be a smooth family of r-graphs. For e, a > 0, we say that 
a family S of r-graphs is ( S),e,a)-vertex locally stable if there exists 
n 0 G N such that for all T G $ with v(J 7 ) = n > n 0 , d$fiT) < en r , and 
\Ljr{y)\ > ( rm(S 3) — e) n r_1 for every v G V (J 7 ), we have 

| IF\ < m(Sj,n ) — adsfilF). 

We say that J is S)-vertex locally stable if $ is (fj, e, a)-vertex locally 
stable for some £, a. In some cases vertex local stability implies local 
stability, which informally means that when proving inequality ([Tj) for 
an r-graph T, we can assume that all the vertices of T have large 
degree. 

2.4. Weighted hypergraphs and Lagrangians. Let T be an r- 

graph. Let M.(IF) denote the set of probability distributions on V(T), 
that is, the set of functions /i : V(T) —* [0,1] such that f2 v eV(T') T( v ) = 
1. We call a pair (J 7 , /i), where p G a weighted graph. Two 
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weighted graphs ( T, p) and ( T', p') are isomorphic if there exists an iso¬ 
morphism ip : V{F) —> V(J 7 ') between T and T' such that p'{p{v)) = 
n(v) for every v G V{F). As in the case of unweighted graphs, we 
generally do not distinguish between isomorphic weighted graphs. 

We define the density \{F, /i) of a weighted graph (J 7 , /i), by 

;= yi n ^)- 

FeF v£F 

The Lagrangian A {IF) of an r-graph T is dehned by 

A(P) := max \{T, p). 

For a family of r-graphs let A(^) := supjrgj A (J 7 ). 

If an r-graph T' is obtained from an r-graph T by cloning a vertex 
u G V (} 7 ) to a set W, p G A4{F), pi G M.{F'), then we say that {IF ', p') 
is a one vertex blowup of {IF, p), if p{v) = p'{v) for all v G V{F) \ {«} 
and p{u) = Yh w &w P'{ w )- We say that (J 7 ', p') is a blowup of {IF.p) 
if {IF ', p') is isomorphic to a weighted r-graph which can be obtained 
from ( IF, p) by repeatedly taking one vertex blowups. We denote by 
23 ( IF, p) the family of weighted graphs isomorphic to the blowups of 
(J 7 , p). 

Remark 2.3. An r-graph IF' is a blowup of T with V{IF) = [n] if 
and only if there exists a partition {Pi, P 2 ,..., P n } of V{IF’) such that 
{t’i, v 2 , • • •, tv} G IF', vj G P l;; for j G [r] if and only if {A, i 2 ,..., i r } G 
T. When IF is understood from the context we refer toV = {Pi, P 2 ,..., P n } 
as a blowup partition of T'. If T covers pairs, that is, for every 
u,v G V{IF), there exists some F G T containing u and v, then the 
blowup partition is unique up to the order of parts and its elements are 
the maximal independent sets in T. 

Let us also note that a weighted r-graph (J 7 ', p') is a blowup of (J 7 , p) 
if and only if there exists a partition as above with the additional prop¬ 
erty F\ v ) = Fid), f or ever U i G [n]. 

Next we define the distance between weighted graphs. If F \, P 2 are 
two r-graphs such that V (Pi) = V(F 2 ) and p G M.{Ff){= M.{F 2 )), 
we dehne 

d'{Fi,F 2 ,p) ■= II*tO. 

FgJ~i A.7-2 v£F 

We dehne the distance between general weighted r-graphs (Pi, Ah) and 
{IP 2 , Ah), as 

d{{P 1 , Ah), (P 2 , p 2 )) ■= inf d'{F[, T' 2 , p), 
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where the infimum is taken over all r-graphs T[,T' 2l with V^f) = 
V(J 7 .)) and /i G A / f(J r () = MtyF'o) satisfying (P ? -,/ 1 ) G 03(-T 77 ,/x^) for 
i — 1,2. If (J 7 , /i) is a weighted r-graph and 5 is a family of r-graphs 
we define the distance from (J 7 , p) to S' as 

We write d^(LF,p) instead of d^(LF, p), except for the cases when we 
want to emphasize the difference between weighted and unweighted 
distance. 

Lemma 2.4. For an?/ family Sj, if T is a graph with v(J 7 ) = n, and 
f € A4 (J 7 ) then 


dfiiJ 7 ) < 


r\n 

n — r 2 



^ 0 - 


Proof. Choose an arbitrary 0 < e < 1 and let d := f). Let 

(B,p) be a blowup of (J 7 . f) such that there exists PL E S) satisfying 

d((B,p),(n,p)) <d + e. 

Let V = {Pi, P 2 , • • •, P n } be a blowup partition of V(B). Suppose 
v\, v 2 ,..., ty are chosen independently at random from V(PL) according 
to the distribution /i. Let A be the event that that {vi,v 2 , ..., ty} is a 
transversal of P, that is, \{vi,v 2 , ■ ■ ., ty} D P, < 1 for every Pj G P. 
We have 


r—1 


z=0 




r 

n 


Thus, it follows that 


Pr [{n, v 2 , ■ ■ ■, iy} G PAP I A] < rl(d + f\ ( 2 ) 

n — r z 

Now consider v±,v 2 ,... ,v n to be chosen independently at random 
according to the distribution given by /i, such that ty G Pj for ev¬ 
ery i G [n\. Let PL' and B be the random subgraphs induced by 
{ty,t> 2 ,... , ty}, respectively, in PL and B. It follows from (J2J) and the 
linearity of expectation that 

E [|e'Aw'|]<!kLUPCY (3) 

n — A \r J 

As B' is isomorphic to J 7 , the inequality (J3]) implies the lemma. □ 





S. NORIN, L. YEPREMYAN 


2.5. Weighted Stability. In this section we introduce the notion of 
weighted stability and relate it to (unweighted) stability. Let $,ft be 
two graph families. For e, a > 0, we say that $ is (iy £, a)-weight locally 
stable if for every T G S, /a G M.(IF) such that d^(IF, //) < £, we have 


A (IF, //) < A(fj) - ad^(F, n). 


We say that S is ft-weight locally stable if S is (iy e, a)-weight locally 
stable for some choice of £ and a. 

We say that S is ( ft,a)-weight stable if S is (ft, 1 , a)-weight locally 
stable. We say that S is ft-weight stable if S is (iy a)-weight stable for 
some choice of a. 

Finally, for weighted graphs we would also consider the direct ana¬ 
logue of the classical notion of stability discussed in Remark 12.21 We 
say that S is ft-weakly weight stable if for every £ > 0 there exists 5 > 0 
such that for every T G S and /i G M.(T) if A(J 7 ,/i) > A(i}) — 5, then 
< £. The following lemma, establishes a connection between 
weighted and unweighted stability. 


Lemma 2.5. Let ft be a clonable family. If the family S is ft-locally 
stable and ft-weight stable, then S is ft-stable. 


Proof. Let a,£ > 0 be such that the family S is (iy £, a)-locally stable 
and (ft, a)-weight stable. We will show that S is (iy a/2)-stable, that 
is, for every T G S with n := v(J 7 ) sufficiently large, 


T\ < m(ft, n) 


(A). 


(4) 


We can assume that d^(IF) > en r , since otherwise ()4]) holds because 
S’ is (iy £, a)-locally stable. 

By Lemma [2711 the family i) is smooth. We choose n to be sufficiently 
large so that 1 — r 2 /n >1/2 and 


/ OLE \ 

m(ft,n ) > ym(ft) ——J n r . 
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Using Lemma EH and the fact that $ is (U, a)-weight stable, we have 

\JF\ 


y = KF,&) < m(Sj) - ad%(F,Z) 


implying 


< 


< 


m(Sj,n) ae\ 


H—— — OL I 1- 


7V 


2 ) 


d^T) 

0 


m(Sj,n) ad^J 7 ) 


n j r 


n' 2 J 2 n r 

m(Sj, n ) — a/2dsj(J r )) + a/2 (erf — d^J 7 )) 
n r 


< 


m(Sj, n) — ad^[T)j2 


rv 


□ 


When both families $ and Sj are clonable, weight local stability im¬ 
plies local stability, as follows. For an r-graph J 7 , let G Ai(iF) 
denote the uniform distribution on U(J r ), that is, &(v) = 1/ v(F) for 
every v G V(J 7 ). We will omit the index and write £ instead of £j- when 
J 7 is understood from the context. Note that A (J 7 , £) = \IF\/(y(J 7 )) r . 
In the other direction, let ( J 7 , p) be a weighted graph, choose k integer 
such that p(v)k is an integer for every v G V{F). Let J 7 ' be an r-graph 
obtained by cloning v G V{IF) to a set of size p{y)k. Then, clearly, 
= k and \T'\ = A (J 7 ,This second observation routinely 
implies the following lemma. 

Lemma 2.6. For every weighted r-graph (J 7 , /j) there exists a sequence 
{Tri} of blowups of J 7 , such that 

• v(J r n ) -S-rwoo OO 

• lim^oo = A (J 7 , p) 

• lim n _ ) . 0O = ds) (J 7 , p) for every clonable family Sj. 

Lemma 12.61 immediately implies the following. 


Corollary 2.7. Let $,Sj be two clonable families. If $ is Sj-locally 
stable then 5 is Sj-weight locally stable. 


3. Local Stability From Vertex Local Stability 

The main result of this section is the following important tool used 
in the proof of Theorem 18.11 

Theorem 3.1. Let$,Sj be families of r-graphs such that Sj is clonable. 
If $ is Sj-vertex locally stable, then $ is Sj-locally stable. 
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In the proof of Theorem 13.11 we use the following two auxiliary lem¬ 
mas. 

Lemma 3.2. Let $ be a clonable family of r-graphs. Then for every 
e > 0 there exist 5 > 0 and no G N satisfying the following. For every 
J 6 5 with v(J r ) — n > no and \X\ > (rn($) — 5) n r there exists 
X C V(X) such that |X| > (1 — e)n and 

||Ljr(t))| — rm($)ri r ~ 1 \ < en r ~ 1 

for every v G X. 

Proof. Clearly, it is enough to prove the lemma for sufficiently small e. 
Thus we assume without loss of generality that max{e, £ 2 r 2 m($)} < 1. 
We show that 6 := (e e — e 8 r 2 m(5))/( 1 + r + r 2 ) satisfies the lemma 
for sufficiently large no- Let A" C V(X) be the set of all v G V(X) 
satisfying 

||Ljr(T)| — rm{f$)n r ~ 1 \ < en r ~ 1 . 

To prove that |X| > (1 — e)n, we first show the following claim. 

Claim 3.3. 

\Lj?(v)\ < (rm($) + e 2 )n r ~ l 

for every v G V(X). 

Proof. Suppose for a contradiction that 

\Ljr(v)\ > (rm($) + e 2 )n r ~ 1 

for some v G V(X). Let n! := |"(1 + e 4 )n\ and let X' be obtained from 
X by cloning v into a set of size |~c 4 n] + 1. We have X' G 5, as # is 
clonable. For sufficiently large n, we have 

< (m($) + 8)n' r < (m($) + 5)(1 + e 4 r + e 8 r 2 )n r . (5) 

On the other hand, 

> \X'\ > \X\ + £ 4 n{rm(f$) + e 2 )n r ~ l 

> (m($) — S)n r + £ 4 {rm(f$) + e 2 )n r . (6) 

But now (J5]) and © together imply that 

e 6 — 8 < <5(1 + e 4 r + e 8 r 2 ) + £ 8 r 2 m($), 

which contradicts to our choice of 8. Thus, the claim holds. □ 

By the preceding claim we have that 

\Ljr{v)\ < (rm($) —e)n r l 


TURAN NUMBER OF GENERALIZED TRIANGLES 


11 


for all v G V(fF) \ X. Now suppose for a contradicton that |X| < 
(1 — e)n. Then 


\T\ = 


\ L Av)\ + J2\ L ^\ 




vex 


< - ((n - |X|) (rm($) - e) + \X\ (rm($) + £ 2 )) n r 1 

= m(^)n r + - ((1 + e)|X| - n) n 
r 

tr3 


r —1 


< m($)n r - n r 

r 

< (rn(f$) - S)n r , 
a contradiction. 


□ 


Lemma 3.4. Let S be a clonable family of r-graphs. Then for every 
e > 0 there exist n 0 G N such that for all n 2 > n± > n 0 , we have 

m($,n 2 ) > m($,ni) + (n 2 - ni)(rm(S) - £)n\~ l 

Proof. Consider T\ G S with ^(J 7 !) = ri\ such that |J-i| = m(S, rii). 
For large enough ri\ we have 

m($,ni) > (m($) - ^ n\. 

By averaging, there exists v G V(fF\) such that 

I L Tl [v)\ > (rm{$) -e)ra; _1 . (7) 

Let J~ 2 be obtained from T\ by cloning v to a set of size n 2 — n\ + 1. 
As J ~2 G S, we have 

m(S, n 2 ) > \F 2 \ > l^i | + (n 2 - nf) (rm(S) - e) n\~ l 

= m(S, nf) + (n 2 - nf) (rm(S) - e) n^ -1 , 

as desired. □ 

Proof of Theorem \3.1i Let e, a be such that S is (Sy £, a)-vertex locally 
stable. We choose constants e', e" such that 0 < e' -C £ n <C £ so 
that the inequalities throughout the proof are satisfied. Let of := 
min{a, 2e"r 2 (l — m(f)))}. We will show that S is (io, e', a^-locally 
stable. 

Consider T G S with ^(J 7 ) = [n] and d^{T) < £'n r . We assume 
that 

\X\ > m(S) 1 n ) — e , n r , 

since otherwise the result follows, as of < 1. Let PL E S) he such that 
\LFAPL\ = ds)(fF). For large enough n, we have \PL\ > (m(Sj) — £ r )n r . 
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By Lemma 13.21 applied to T~L with e = e", there exists X C [n] with 
| A| > (1 — e")n such that for each v G X, 

\\Ln(v)\ — rm(S))n r ~ 1 \ <e"n r ~ 1 . (8) 


Consider the set 

J = {v E V(X) : \Ljr{y)\ < ( rm(S 3) — (2r 2 + l)£")n r_1 }. 

We will show that J has relatively small size. From the definition of J 
and A", it follows that for each v € J D A", we have \Ljr{v)AL H (y)\ > 
e"n r ~ l . Thus, 

\JnX\e"n r ~ 1 < \LA v ) AL u(v)\ = r\XAU\ < e'rrf, 

veV(T) 

and therefore, \J\ < \J fl X\ + | J \ X\ < + e")n < 2 e"n. Let 

X’ := T\v(t)\j, W := H\v(t)\j and n' := n — | J\. We have 

d^X) < \X'AW\ < \XAT-i\ < e'rf < en' r . (9) 

Also, for every v G V(X) \ J, we have 

\Ljrt{y)\ > \Ljr(y)\ — \J\n r ~ 2 > ( rm(S)) — 2 re" — 2 e")n r ~ l 

> (rm(fi) — e)n' r ~ 1 . (10) 

Since J is (fj, £, ct)-vertex locally stable, (J2J) and ([XU imply that 

\X'\ < m(Sj,n') — ad^(X'). (11) 

Let X" G T) be such that \TL"AX'\ = d^{X’). Let "Ho be obtained from 
%" by blowing up a vertex in V(X) \ J to a set of size n — n' + 1. We 
have 


\XAn 0 \ < \X'AH"\ + | J\n r -\ 

By Lemma 13.41 for sufficiently large n, we have 


( 12 ) 


n ) > m(Sj, n') + (n — n r ) f rm(Sj) 
> m(f),n') + \J\ (rm(f)) — 




1 — 2 re" 


n 


fr—1 


£ 


1 — 2 re' 


(1-2 r£"}n r -\ (13) 







TURAN NUMBER OF GENERALIZED TRIANGLES 


13 


Now we are ready to put all the obtained inequalities together to show 
that $ is (■£),£', a')— locally stable. 

\T\ < \F'\ + \J\(rm(Sj) - (2r 2 + l)e")n r - 1 

HU 

< m(Sj, n') — ad^(IF') + | J\{rm($f) — (2r 2 + l)e")n r 1 

03J / £ " \ 

< m(S),n) — I J\ ( rm(Sf) -) (1 — 2 re")n r 1 

\ 1 — 2 re" J 

— a\T l AH"\ + \J\(rm(S)) — (2 r 2 + l)£ ,, )n r_1 
= — a\J r 'A'H ,f \ — 2£"r 2 (l — m(io))| J\n r ~ l 

< — ct\T’ AT-L"\ — a'\J\n r ~ l 

1121 

< m($), n) — a / |J r A'H 0 | 

< m($3,n) — a'd^F), 

as desired. □ 


4. Weak stability from lagrangians 

In this section we prove that, under certain restrictions, every suffi¬ 
ciently dense graph in a family is close to some graph maximizing the 
lagrangian in that family. The arguments we use in this and the next 
section are continuous in nature. 

We say that an r-graph T is thin if for every (r — l)-tuple / C V ( J r ), 
there exists at most one edge containing /. In other words, J- is thin if 
and only if it is TV-free, where T> r is an r-graph with two edges D\ and 
D 2 such that | Di fl D 2 \ = r — 1. Note that every (m,r,r — 1) Steiner 
system is thin. We say that the family $ is thin if every T e $ is thin. 
In the applications of the next result the family $* will consist of the 
r-graphs which cover pairs. In particular, we do not assume that is 
clonable. 

Theorem 4.1. If the family is thin and the family 

r* = {-FIsuppM I A* G r, A (J-*, /i) = A(r) for some /a G 

is not empty, then $* is $**-weakly weight stable. 

Proof. We will consider infinite r-graphs in the proof of this theorem. 
Let Jn denote the family of r-graphs such that V ( T ) = N for every 
J G and every finite subgraph H of a graph in is obtained 
from a subgraph of a graph in J* by adding isolated vertices. Clearly, 
is thin. We enhance with a metric q defined as follows. For 
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T, T' G let ^(J 7 , T') := l/2 fc , where k is the minimum integer such 
that LF\[k\ ^ F'\[k}- Note that is compact. 

Let 

OO 

A4(L1) := {/i : N —> M + | ^(1) > / x{2 ) > n( 3) > ..., /i(i) < 1}. 

i =1 

It is not hard to verify that A1(N) is compact with L 1 norm || • ||i- Let 
X be the product of (3h,<^) and (A4(N), || • ||i). 

Note that every pair (J 7 , /i) with T G £*, /i G M.(T) naturally corre¬ 
sponds to an element of X, as we can assume that V (J 7 ) = [t^J 7 )] and 
nil) > fi(j) for all i < j, i,j G V(T). 

For (J 7 , yu) G X, dehne A(Jy n) := YIf&f p(^)- 

Claim 4.2. A is continuous on X. 

Proof. It is easy to see that 

|A(Ty/i) - A(J 7 , /i')| < ||/i-//||i 

for every J 7 G and all yU,yt/ G .M(N). Thus, it suffices to show that 
for all T, T' G and every £ > 0 there exists N G N such that if 
•F'Iiat] = J-’lfiv] then |A(*7 7 ,/x) — A(J 7/ ,/i)| < £ for every n G A4(N). We 
show that N := satisfies the above. Let PL := J 7 '!^] = W|[tv]. 

It suffices to show that A(Jy/i) < A (PL, /j.) + e. We have 

Yi n*o 

FeT,F£[N] i&F 

<p(n+ i) ^ n^o 

/CN^" 1 ) 

\ r—1 

< 7j7 1 m < £. 

fe? / W ( r - X ) ! 

as desired. Note that in the second inequality above we use the fact 
that T is thin. □ 

It follows from the above claim that 

A($*) = max A(Jy //), (14) 

(F,ij.)gX 

as every (Jy/i) G X is a limit of a sequence of weighted graphs in $*. 
Let 

X** = {(r,ii)eX IHuppmgT}, 

That is, 3C** is a set of weighted graphs in X with hnite support, coin¬ 
ciding with some graph in $** on its support. 


< n(N + 1 ) 


(r — 1)! 
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Claim 4.3. If\(F, fi) = X(F) for some (F, n) G X, then (J 7 ,/r) G X**. 


Proof. Suppose for a contradiction that there exists some (F, /i) G 
X \ X** such that X(F 1 /j,) = A(3"*). By definition of $**, it follows 
that snpp(/i) must be infinite, and hence, supp(/i) = N, since /i is non¬ 
decreasing. As X(F, u) considered as a function of v is maximized at 
v = n we have 

dX(F, v) 

dv{i) 

for every i G N. Thus, we have 


' X \V )1 


lS=fl 


E nui) = ’'A(r) (is) 

jgNU-Ujj^r-iiGJ 


for every jGN. To show that ([1^]) cannot hold we employ an argument 
similar to the one used in the proof of the previous claim. Choose an 
integer N such that N > r( . r _ 2 ) 1 !A (^,) , and let i be such that |F fl [N]\ < 
r — 2 for every F G F with i G F. Then 


E nui)<uiv + i) E IlyW 

,\K\=r-2 j&K 


JGNG-i),|j|= r -i jeJ 

Jupje-E 


< 


< r\(F). 


N(r — 2)\ 

This contradiction hnishes the proof of the claim. 


□ 


Now we are ready to finish the proof. We will show that for every 
£ > 0 there exists 5 > 0 such that for every F G $* and /r G A4(F), if 
A (F*,/j.) > A(5*) — <5, then d$** (F* , fi) < e. (Clearly A(5'*)=A(5'**) so 
the above implies the theorem.) Abusing notation slightly we consider 
pairs (J 7 , n) as above as elements of X. 

From continuity of A and Claim 14.31 it follows that for every £ > 0 
there exists S > 0 such that for every (F, /i) G X satisfying X(F*, /i) > 
A(£*) — S there exists (F**, //**) G X** such that F\[ n \ = F**\[ n \ for all 
n < |(r — 1)! + 1. 

Following the argument in Claim 14.21 let PL := J r |[Ar](= J 7 **!^]), for 
N \= |"f(r — 1)!]. As in Claim 14.21 we have 

AU".U)-A(«,^)<^T_. 
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Finally, we have 


(F, /O < d{{F, //), (77, //)) + d{{H, /x*), (.T*, »')) 

< (X(F*, - A('H, //)) + (A(.F**, //) - A (H, //*)) 

2 

- 7V(r - 1)! - 

as desired. □ 


5. Stability from local stability 


Our next result can be considered as a generalization of the sym- 
metrization argument of Sidorenko [16], which was subsequently modi¬ 
fied and employed by Pikhurko [13] and Hefetz and Keevash [7], It can 
serve as a general tool to obtain global stability from local stability for 
clonable families. However, note that although our main result, The¬ 
orem 18.11 uses this tool, it is not a direct application, since the family 
in our interests, Forb(7)), is not clonable. 


Theorem 5.1. Let$,Sj be clonable families of r-graphs. Let$* consist 
of all r-graphs in $ that cover pairs. If is S)-weakly weight stable 
and $ is S)-locally stable then ^ is S)-stable. 


Proof. By Lemma 12.51 it suffices to show that $ is weight stable. By 
Corollary 12.71 the family $ is ^-weight locally stable. Let £, a > 0 be 
such that is (fj, a)-weakly weight stable and 5 is (fj, e, a;)-locally 
weight stable. Define 5 := ae/2. We will prove that for every T G $ 
and fi G M.(F) such that 


A(^,/i)>A (£)-<$, 


(16) 


we have 

d^(F,p)<£. (17) 

Note that this statement implies that ^ is (fj, <5)-weight stable as $ is 
(fj, e, a;)-locally weight stable and 5 < a. 

The proof is by induction on v(F). The base of induction is trivial. 
For the induction step we assume that IF ^ $*, as otherwise (1171) holds. 
Indeed, if T G $*, we have 


dsj(IF, n) < 


\(f))-\(F,p) ^ 5 


<-<e, 


a a 

as is (fj, a)-weight stable and S < a£. 

Thus, T G and there exist V \, V2 G V(F ), such that {rq,^} % F 
for every F G T. We assume that fi(v\) 0 and [i(v-f) ^ 0, since 
otherwise the conclusion follows from the induction hypothesis. We 
will consider a family of probability distributions on V(IF) defined as 
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follows. For t £ [0,1], let p t £ A^J 7 ) be defined by p t (u) = p(u) 
for all v £ V (J 7 ) \ {ui,u 2 }, Pt(ui) = t(p(ui) + pC^)), and p t (u 2 ) = 
(1 — f)(p(ui)+p(r> 2 ))- Note that p = p x , for x := p(ui)/(p(ui) + p(u 2 )). 
As p(ui) 7^ 0 and p(u 2 ) 7^ 0, it follows that x fL {0,1}. 

Note that (J 7 , po) and (J 7 , pi) can be considered as weighted r-graphs 
on v(J 7 ) — 1 vertices and, therefore, the induction hypothesis is aplli- 
cable to them. Moreover, 

A(J 7 , /i) = xX (J 7 , p 0 ) + (1 - x)X (J 7 , pi). (18) 

If A(5 r , < A(i^) - 5 for i = 1,2, then by ([IHD, A(J 7 , p) < A(fj) - 

5, in contradiction with (fTtllh Thus, without loss of generality, we 
assume that A (S', po) > A(f}) — <5. By the induction hypothesis we have 
p 0 ) < e. 

Now suppose for a contradiction that p) > e. As d^(T, p 4 ) is a 

continuous function of t, there exists y £ [0, x] such that ^(J 7 , p y ) = £. 
Since 5 is (io, e, o;)-locally weight stable, we have 

\(F,Hy)<X(F))-a£. (19) 

On the other hand, 

A (J 7 , n y ) = --A (J 7 , po) + —A (J 7 , p s ) 

x x 

> —^(A(io) - 5) + -(A(io) - 5) = A(£) - <5 > A(io) - ae, (20) 

x x 

as 5 < as. The contradiction between inequalities (fT9l) and (j20l) con¬ 
cludes the proof. □ 

6 . Erdos-Simonovits Stability Theorem via local and 

WEIGHTED STABILITY. 

In this subsection we give a sample application of the techniques we 
developed thus far. We give a proof of the classical Erdos-Simonovits 
Stability Theorem Hu, which can be stated in the language of this 
paper as follows. 

Theorem 6.1 (Erdos-Simonovits Stability Theorem |17j). Let t > 2 
be a fixed positive integer, and let K t denote the complete graph on t 
vertices. Then Forb(A t ) is -stable. 

Proof. Let S := Forb(iQ) and T) := i). 

Claim 6.2. S is Sj-vertex locally stable. 


Our theorem follows from this claim. Indeed, by Theorem 13.11 
Claim 16.21 implies that S is fj-locally stable. Theorem 15.11 in turn 
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implies that ^ is fvstable, as the family J* in the statement of The¬ 
orem 15.11 is the family of cliques on at most (t — 1) vertices, and is, 
trivially, fj-weakly weight stable. Thus it remains to prove the claim. 


Proof of Claim I77H We will show that 5 is (§7 £, l)-vertex locally sta¬ 
ble, that is, there exist £ > 0, n 0 G N such that if T G $ satishes 
v(P) = n > no, < en 2 and 

\ L A V )\ > (j—\ n, ( 21 ) 

for every v G V{SF), then |.F| < m(Sj,n) — d^{fF). In fact, we prove 
a stronger statement. We show that if the above conditions hold then 
there exists PLq G Sj such that T C PLq, that is, T is (t — l)-partite. 

Remark 6.3. An even stronger result was proved by Andrasfai, Erdos 
and Sos |T]. They show that the condition dsj(J-) < en 2 is unnecessary, 
and m) suffices to deduce that T is (t — 1) -partite for e < ( 3f _ 4 ^ t _ 1 - ) ■ 
We, however, include the proof which exploits the bound on the dis¬ 
tance from IF to to demonstrate the methods used in the proof of 
Theorem \8.1[ 


Let 0 <C£-C 7 Cl/tbe chosen to satisfy the inequalities appearing 
further in the proof and let n be sufficiently large. Given T as above, 
let TL G .f) be such that V(fH) = V(8F) and \T£FH\ = dsj(F r ). Since, 
d^J 7 ) < en 2 , we have 

i i i i 9 ft 2 \ n 2 

\H\>\F\-er?>[— l -3ej-. ( 22 ) 

Let V = {Pi, P- 2 ,.. ■, P*-i} be the blowup partition of V(Pi). It is 
easy to see that (jUj) implies that 



n 

t - 1 


< 771 , 


for all i G [t — 1] with an appropriate choice of £ <^ 7. 

Next we show that the neighborhood of every vertex in T is “close” 
to the neighborhood of some vertex in PL. The corresponding part of 
the proof of Theorem 18.11 Lemma 17.41 is longer and more technical 
then the argument below, yet the main ideas are very similar. 

For v G V(F'), let I(v) = {i \ |lV(u) nP*| > 771}, where N(y) denotes 
the neighborhood of v. Then (12T| implies that |/(u)| > t — 2 for every 
v G V(F~). Suppose that |/(u)| — t — 1, and choose Qi C N(v) fl Pi 
so that \Qi\ = 7 n for i G [t — 1], For simplicity, we assume that 777 is 
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an integer. Let Q = U* e [ t _i \Qi C N(v). Then T\q is K t -r free and, 
therefore, Turan’s theorem implies that 


|r, ,/ (* — 3)((t — 1)7^) S 
On the other hand, T~L\q is K t - free, thus, 


m Q \ < 


(t - 2 )((f - l) 7 >i)‘ 


Combining 


2 (t - 1 ) 
and (l23l) . we deduce that 


(23) 


(24) 


\FAU\ > \T\qAU\q 


ft -2 t-3\ 

\t-l ~ t-2J 


((* - 1 bn) 2 
2 


> en 2 . 


This contradiction implies that |/(u)| = t — 2 for all u G V(J-). 

Finally, we construct a partition P' = { P [, P' 2 , ..., P/_]} of V(J 7 ) so 
that J 7 C J 7 ", where J 7 " is a blowup of Kt-i with the blowup partition 
V. Define P- := {v G V (J 7 ) | i /(u)} for i G [t — 1]. Note that (|2TT) 
and the bounds on the size of Pj imply that 

\N(v) fl Pj\ > n/(t — 1) — (t — 1 ) 7 n 

for every d G Pj, i 7 ^ j. It follows that, if v,v' G Pi, then {v,v'} ^ 
T. (Otherwise, -P|jv(V)n]V(t/) is K t _ 2 -iree and | N(v) 0 N(v') O Pj\ > 
n/(t — 1) — (2 1 — 1 ) 7 n for every j G [t — 1] \ {i}. This leads to a 
contradiction using an argument completely analogous to the one used 
in the preceding paragraph.) Thus, T C T", as desired. □ 


7. Local stability of Forb(P) 

Recall that an (m, r, r —1) Steiner system is an r-graph on m vertices 
such that every (r — l)-tuple is contained in a unique r-edge. Let S be 


an (m, r,r — 1) Steiner system, it is easy to see that |«S| = 


(,-1) 


and 


( m_1 ) 

(v) | = for every v G V(S). We frequently use the following 


l-^vvi - r _i 
notation for related densities: 


e(m, r) 
d(m, r) 



rm r ’ 



(r — l)m r_1 


We say that an (■ m,r,r — 1) Steiner system S is balanced if A(«S) = 
A(i S,£s) (recall that £5 is defined in Section [2751 it is the uniform dis¬ 
tribution on V(iS)). It is easy to see that m(93(«S)) = e(m,r ) when S 
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is balanced. The main result of this section, stated below, applies to 
all balanced Steiner systems. 


Theorem 7.1. If S is a balanced (m, r, r — 1) Steiner system for some 
m > r > 3, then Forb(T r ) is 93(i S)-vertex locally stable. 


In all the following statements, m > r > 3 are fixed and S is a 
balanced (m,r,r — 1) Steiner system. We denote 93(5) simply by 93. 
The proof of Theorem 17. ll uses three auxiliary lemmas. The first ensures 
that if a large blowup B G 93 has density close to the maximum possible 
(i.e. e(m, r)), then the blowup partition is close being an equipartition. 
More formally, we say that the blowup B G 93 with the blowup partition 
V = {Pi, P 2 ,..., P m } is e-balanced for some 0 < e < 1 , if for each 


3 e N, 



n 

m 


< en. 


Lemma 7.2. For every e > 0 there exists S > 0 and no G N such 
that the following holds. If B G 93 with v(B) — n > n 0 and \B\ > 
(e(m, r) — 5 ) n r , then B is e-balanced. 


Proof. Let V = {Pi, P 2 ,..., P m } be the blowup partition of B. Dehne 
a vector y with y 3 = — for each j G [m]. We have Uj = 1 an d 

A(5,y) = ® > e(m,r) - 6 . (25) 

n r 

Since S is balanced and A(«S, •) is a continuous function, for every e > 0 
there exists 5 > 0 such that (l25|) implies that | y 3 — l/m\ < e, as 
desired. □ 


Before stating the second auxiliary lemma, we introduce additional 
definitions. Let B G 93 with the partition V = {Pi, P 2 ,..., P m } and T 
be an r-graph with V (P) = V (B). We call the edges in P \ B bad , the 
edges in B \ P missing and, finally, the edges in P fl B good. 

Given a collection of sets X = { W, X 2 , ..., X *.} we say that a set P 
is X-transversal if \X t n F\ < 1 for every 1 < i < k. We say that an 
r-graph 5 is X-transversal if every F G Pis P-transversal. Informally 
speaking, the next lemma tells us that if graphs P and B are “locally 
sufficiently close” and P has density close to e(m,r), then P must be 
P-transversal. This result will be useful in the proof of Lemma 17.41 
where working with bad edges we will be able to restrict our attention 
to transversal ones. 


Lemma 7.3. There exist e > 0 and no G N such that the following 
holds. Let P be a T r -free r-graph with v(P) = n > n 0 vertices, B G 93 
with v(B) = n and the blowup partition V = {Pi, P 2 , ..., P m }. If 
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\Ljr(v) ALg(v)\ < en r 1 for every v G V{7), and \ 7\ > (e(m, r) — e)n r , 
then 7 is V-transversal. Moreover, if 7' is a T r -free r-graph such that 
7 C 7' , then 7' is V-transversal. 


Proof. Clearly, it suffices to verify the last conclusion. Note that our 
choice of 7i 0 here (and in later proofs as well) is not explicit. We assume, 
for a contradiction, that there exists a non-transversal edge F G 7 ', 
with it, it G FP\Pj for some j. We will show then that FU{F} contains 
a copy of T r . We will fold such a copy by showing the existence of an 
(r — l)-tuple F' G L(it) fl L(it) that is disjoint from F. Then, clearly 
F, F' U {it} and F' U {it} together will induce a T r . 

Let us specify the choice of constants used in the proof. Fix - pp^l : = 

Let f jy~ 2 l be derived from Lemma 17721 applied with e = ££72} We 
choose 0 < £ < 1 satisfying the following constraints 


£<e(m,r ) (26) 

^(i + })<fc3 < 27 ) 

£ < id(m.r) {j- -E|72|) ■ (28) 

First, note that the links of both it and it have large size. We have 
\L[yi)\ > d(m,r ) min |Pj | r_1 — en r ~ 1 . (29) 

i 

for i — 1,2. But B is an s ppTj - balanced partition. Indeed, since 
\7AB\ = ~y \L T (i)AL B (i)\ < -en r , 

ie[n] 


we have that 

If / 1 \\ 0 

\B\ > 1 7\ — -en r > ( e(m, r) — £(l + -jjn r > (e(m, r) 

By Lemma 17.21 applied to B with £ = pypf we have 


faK 


l^-l - 


n 


m 




for each j G [m]. Thus, from (|29l) it follows that 

\L{vi)\ > d(m, r) - tq ) n r ~ l - en r ~ 1 


for each i G {1,2}. Now we can show that the intersection of the 
links of it and it is large as well. Note that every (r — l)-tuple in 
L(it)AL(it) is either in a bad or in a missing edge with it or it, but 
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the total number of such edges is bounded by the initial assumptions, 
hence 


|L(ui)AL(d 2 )| < 2 erf l . 


Thus, 


|L(ui) n L{v 2 )I = - (|L(pi)| + \L(v 2 )\ - \L(vi)AL( v 2 )\) 


>d(m,r) ( 


r—1 


n r_1 - 2en r_1 


> rn 


r -2 


(30) 

(31) 

(32) 


where the last inequality is true for n sufficiently large. On the other 
hand, the number of (r — l)-tuples that do not contain both V\ and v 2 
and have a common vertex with F is bounded by (r — 2 )n r ~ 2 . Hence, 
there exists an (r — l)-tuple F' in L(v i) D L{y 2 ) that is disjoint from 
F and, as we discussed at the beginning of the proof, a contradiction 
follows. □ 


In the next lemma we show that for every r-graph T G Forb(7^) with 
sufficiently large minimum degree there exists a blowup Bo of S such 
that every vertex of F has “similar” neighborhoods in T and Bo- The 
proof of this lemma contains the bulk of technical difficulties involved 
in proving Theorem 17. 1[ 


Lemma 7.4. For all integers m > r > 3 and e > 0 there exists 5 > 0 
and no G N such that the following holds. If F is a F r -free r-graph with 
v{F) — n > no, d<g(F) < Sn r , IJ 7 ! > (e(m,r) — S)n r and for every 
v G V(F), |Lj-(u)| > (d(m,r) — 8)n r ~ l , then there exists Bo G 23 with 
v{Bo) = n such that for every v G V ( F ) 

\L t (v)AL Bo (v)\ < en r_1 . 


Proof of Lemma \I.f\ Let FTF\ c h° sen t° satisfy Lemma 17.31 We 
choose 


0 < 8 £ {7721 minjgp^gj, e} 

to satisfy the constraints appearing further in the proof. Let 
chosen to satisfy Lemma 17.21 applied with £ = FFI\ assume that 

5 < tai - 

Let B G 23 be such that \FAB\ = d^(F), and let V = {Pi, P 2 ,..., P m } 
be the blowup partition of B. Since 8 < we have 


\F\ > (e(m, r) — 8)n r > (e(m, r) — 8^^n r . 
Hence, B is c]y~ 2 |-l talanced by Lemma [7721 
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Consider the set 

J := {v G V(E) | |Mn)AL s (n)| > • 

We have 

\J\jn r ~ 1 < J2 \L T (i)AL B (i)\ = r\EAB\ < 5m r . 

ie[n] 

Let A := hr/ 7 , then \J\ < 5in, by the above. Let T' := J 7 |v(j r )\j, 
n' = v(J r/ ), B' := B\v(f)\j, P'j '■= Pj \ J for each j G [m], and V = 
{P[, P 2 , ..., Pm}- The graph T' satishes the assumptions of Lemma 17751 
Indeed, for every v G V (J 77 ), 

\L r ,{v)AL B ,{v)\ < 7 n^ 1 < efcgfl - 5 1 ) r ~ 1 n r ^ 1 < £ro(n / ) r ~ 1 . 
Similarly, 

l-^l > (e(m,r) -£| 73 i)(n , ) r ~ 1 . 

Thus both J 7 ' and J 7 are 'P-transversal by Lemma 17731 Our next goal is 
to extend B' to a blowup Bo of S with V(Bo) = V(J 7 ), as follows. For 
each u G J we will find a unique index j u G [m], such that w “behaves” 
as the vertices in the partition class Pj u , and add the vertex u to this 
partition class. By doing so for all vertices of J, we will extend the 
partition V ', and since J has relatively small size, this operation will 
not increase the degrees of vertices in T' drastically. So let us fix some 
u G J and show that such an index j u exists. 

For / C [m], let 

Ei(u) := {F G T \u G F, \F 0 P'\ = 1 for every i G /}. 

We construct an auxiliary (r —l)-graph C(u) with V(C{u)) = [m] such 
that / G C{u) if and only if \Ej{u)\ > yrW 1 . We aim to show that 
there exists a unique j u G [m] such that £(u) is isomorphic to the link 
graph of j u in S. 

We start by proving that C(u) is at least as large as any of the link 
graphs Ls(j), for j G [m\. Denote by Ej(u) the set of all the edges 
in T that contain u and at least one other vertex from J. Clearly, 
\Ej(u)\ < |J|n r_2 < 5i , n r ~ 1 . Therefore, 

(d(m,r)-6)n r - 1 <\L T (u)\<\E J (u)\+ ^ \Ej(u)\ + ^ |£,(u)| 

iec(u) i<£C{u) 

<<5 1 n r - 1 + |£(n)| (J- + E ^j n^ 1 + 7 ( r ™ 
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It follows that 

d(m, r)m r ~ 1 {5 + + y/{r - l)\)m r ~ 1 

1 WL (i+fF) M (l + £j72pi) r “ 1 

> d(m, r)m r ~ 1 — 1 , 

where the last inequality holds, as long as $i and 7 are suffi¬ 

ciently small compared to 1 jm r . It follows that |£(u)| > d(m, r)?n r_1 = 
\L s (j)\ for any j G [m\. 

Next, we find j u such that C{u) C Ls(j u )- For every j G [m] consider 
Lj(u) : = {n G P' : \Ljr({u,v})\ > y7i r ~ 2 }, 

that is, Lj(u) is the set of vertices in the partition class Pj which are in 
relatively many edges with u. Let K = {j : \Lj(u)\ < yn}. We want to 
show that \K\ = 1, from which it will follow that u essentially behaves 
as the vertices of the partition class corresponding to this unique index 
in K. 

First, let us prove that K ^ 0. Fix / G C(u). As S is a Steiner 
system, there exists unique j such that / U {j} G S. We claim that 
j G K. Assume not, and further assume, without loss of generality, 
that / = {1, 2,..., r — 1}. Then there exists {ui, V 2 ,..., u r _i} G Ej(u) 
and v r G Lj(u), such that {iq, v 2 , ■ ■ ■, ty-i, v r } G T. Otherwise, for 
every F G Ej(u) and every v G Lj(u), (P \ {«}) U {u} is a missing 
edge. Hence, 

\FAB\ > \Ei(u)\\Lj(u)\ > 7 n r ~ 1 ■ yn > 5n r , 
a contradiction. 

Let vi, V 2 , ■ ■ •, v r -i, v r be as above. Since T is 7^-free, every edge 
in T that contains both u and v r , must also contain a vertex among 
{vi,v 2 , • • • ,ry_i}. Therefore, we must have |L({«,u r })| < (r — l)n r ~ 3 , 
while, by definition of Lj(u), \L({u,v r })\ > yn r ~ 2 , yielding a contra¬ 
diction when n is large enough. Thus K ^ 0. Note that if we prove 
that K = {j u } for some index j u , then since |£(«)| > m r ^ 1 d(m, r) = 
\Ls(j u )\, it will follow that C(u) = Ls{j u )- 

Claim 7.5. \K\ = 1. 

Proof. Let k := \K\, we have already shown that k > 1. Suppose for a 
contradiction that k > 2. Let A be a P'-transversal (r — 2)-tuple. We 
want to show that 

\ L (A U M)| < ^ + TO+ 7 (m - 1)^ n. (33) 

Suppose that there exist j\ ^ j 2 such that | L(A U {«}) D P n \ > yn and 
\L(AU {u}) nP j2 \ > yn. Since T is 7^-free, for every v 1 G L(dU{u}) D 
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P n and V‘ 2 G L(A U {«}) fl Pj 2 , we must have 

\L({vi,v 2 })\ < (r - l)n r ~ 3 . 

It follows that 

/ ' 1 


\PAB\ > 7 V 
1 


m 


r -2 




n 
r — 3 


r—2 


which is a contradiction. Thus, no such ji and j 2 exist, and (j33j) follows. 

Using (j33j) , we obtain an upper bound on Ej(u), for every (r — 2)- 
tuplc / C [m\. Without loss of generality, suppose I = {1, 2,..., r — 2}. 
We apply (j33j) to every A e [n ] r_2 which is /-transversal in T (i.e. 
|A fl ^| = 1 for every i e /). As 


7 —2 


n iui < 


j=i 


we derive 


|U/(A)| < ( - + ^0 


i—2 


n 

m 

1 

m 




i—2 


+ £ E21 + 1'(m- L j 


131) 


And finally, we are ready to derive an upper bound on the size of 
Ljr(u), which will contradict the initial assumption \Lt{u)\ > (d (m,r)~ 
5)n r ~ l \ 

IM«)I< IT/MI + J2 IU(f)l+ E IUMI 

I [m 

ir 

1 


I C [m], \I\=r—l 
ICK=® 


I C [m], |/| =r — 1 
inK^Q 


< \J\n r ~ 2 + 


r — 1 


Y \Ei{u) 


I C [m], | /| =r — 2 
/n/c=0 


^ (|L i (u)|n r 2 + (n - |L j (n)|) 7 n r 2 ) 

j&K 

r—2 


< 


771 — S 


r — 1 \ r — 2 
+ + 2^mn r ~ 1 


m 


+ TT21 


m 


+ 3731 + 7 (^- 1 ) 


n 


r—l 


< 


/ m—2\ 

r ~E- + 7 1 + 27 771 + <5i ) 72 r ~ 1 


771 


< (d(m, r) — h)n r , 
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a contradiction. Thus, k = 1. □ 

As discussed above, Claim 17.51 implies that for every u G J there 
exists unique j u such that C{u) = L s (j u ). We extend the blowup B' as 
we discussed earlier. For every j G [m], define 

Pj := P'j U {u g J | j u = j}. 

Let Bq D B' be the blowup of S with the blowup partition Vq. 

Claim 7.6. For every v G V(F), 

\L Bo (v)AL T (v)\ < erf- 1 . 

Proof. For each v G V ( J 7 ) \ J, we have 

\Lb 0 (v)AL t (v)\ < \L B '(v)ALj*{v)\ + \J\n r ~ 2 
< yrf- 1 + h 1 n r_1 < erf- 1 . 

We now consider v G J. Since J- is "P'-transversal, it follows that for 
every F G Af\b 0 (u), either F D J ^ 0, or there exists / qL C(v) such 
that F G Li(v). Thus, 

\L T \ Bo (v)\ < 5m 7 - 1 + _ l £ (^)l) T« r-1 < |n r_1 - (35) 

Finally, 


\Ljr(v)AL Bo (v)\ — 2|Ljf\b 0 (u)| + |Lb 0 (u)| 

m £ , /i y- 

< -n r + d(m, r) (^- + £0+ J 

< erf — 1 , 
as desired. 


■ \ L A v )\ 

n r_1 — (d(m, r) — 5) 


n 


r —1 


□ 


By Claim 17.61 the blowup Bq satisfies the conclusion of the lemma, 
thus finishing the proof. □ 


We are now ready for the proof of Theorem 17.11 


Proof of Theorem 7.1. Our goal is to show that there exist e, a,n 0 > 0 


such that the following holds. If T G Forb(77) with v(F) = [n], n > n 0 
such that d<&(F) < erf , and \Ljr(v)\ > (d (m,r) — efrf- 1 for every 
v G V(F), then 


| F\ < m(*B, n) — ad<s(F). (36) 

In fact, we show that one can take a — |. Now we specify dependencies 
between constants used further in the proof. Let Tpgj be taken to satisfy 
Lemma 17731 Define FHI \ := TT’ Let fr2l^ e taken to satisfy Lemma 17721 
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applied with e = £J 7 ^| We choose 0 <C e <C Fi minjdfTTji, TOli 
satisfy the inequalities appearing in the proof. In particular, we will 
use £ < tjyyy/2, where 7 ) 7 —p is chosen to satisfy Lemma 17.41 applied with 

Q 

We can assume that 

|P| > (e(m, r) — 2 e)n r > (e(m, r) — §j-$ n r , 

since otherwise the result follows directly with a — 1. By Lemma [7.41 
there exists 6 6 5B with R 0 B) = R(P) such that 

\L t (v)AL b (v)\ < ej73fi r_1 

for every v G R(P). 

Recall the definitions of missing and bad edges at the beginning of 
this section. Generalizing these notions, we introduce the following 
notation. For every I C V (F) with 0 < |/| < r, we denote 

A(I) := {FeB\F\IC F}, 

B(I) := {F G F\B\I C F}, 

a(I ) := |^4(/)| and b(I) := \B(I)\. So a(I ) and b(I) respectively denote 
the number of missing and bad edges that the tuple / is in. We have 
FAB = .4(0) U -£>(0) and \FAB\ = a(0) + 6(0). It is easy to see that 
for every /, such that 0 < |/| < r — 1 , the following inequalities hold 

5>(/U{j}) >«(/)> I ^a(/U{j}), (37) 

m r m 

Y, HI U {]}) > b(I) >lY bt ~ IU 01). (38) 

r j<£I 

It is not hard to see that to derive the inequality (155)1 it suffices to show 
that o(0) > 36(0). Let us assume for a contradiction that 6(0) > |a(0). 
Our next claim shows that we can bound the number of bad edges that 
contain some i-tuple from above by the proportion of the missing edges 
that contain any of its (i — l)-subtuples. 

Claim 7.7. There exists c > 0 such that for every I C V(F), 1 < |/| < 
r, and every I' C / with \I'\ = |/| — 1, we have a(I') > cb(I)n. 

Proof. We proceed by induction on r — |/|. We prove that for each 
1 < i < r, and every / C [n] with |/| = i there exists Cj > 0 such that 
for all I' C / and | Z'| = i — 1, we have a(I') > Cj 6 (/)n. This clearly 
implies the claim. 

We start the base case: |/| = r and we assume that / is a bad edge, 
as otherwise the statement is trivial. Let V = {Pi, P 2 ,..., P m } be the 
blowup partition of B. By our assumptions, \F\ > (e(m, r) — £[ 7 ^ 3 ]) n r 
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and \Ljr(v)AL b(v)\ < p r < - ]77IF /r f° r ever y v G H(.F). Thus by 
Lemma 17.31 all bad edges in J 7 are 'P-transversal. 

Without loss of generality, assume / = {ui,u 2 , • ■ ■ , v r }, where Vj G 
Pj , and /' = {ni,n 2 ,... , ry_i}. Since / is a bad edge, it means that 
{1,2,..., 7 ™} ^ S which implies that {1, 2,. .., r — 1, k) G S for some 
k r. Without loss of generality, we assume k — r + 1. 

Let N := L(I') D P r +i■ For every u G N, we have 

a({u,ry}) > (min|Pj |) r ~ 2 - \L({u,v r })\. 


However, every edge that covers u and v r , must have a non-empty 
intersection with {ui,r> 2 ,... as T is 7 ^-free, therefore 

\L({u,v r })\ < (r - l)n r_3 . 


As |P| > (e(m, r) — 2 £)n r > (e(m,r) — ^ 7 ^j)n r the blowup B is ^re¬ 
balanced by Lemma 17.21 Therefore 


a(K» > |iV| - TL2f j ) - ( r - !K 


But a({u r }) < qre ?r 1 an d we have 


l^|<- 


2<£ T7~4l 


(m ~TL2l) 


r—2 


n 


4m 


r—2 


n 


= 2 i Q[t) 


for sufficiently large n. The latter directly implies that a(P) > \P r +i \ 
N\ > j 5 -, thus concluding the proof of the base case with c r = -A. 

We now turn to the induction step. For every P C / with |/'| = |/| — 1 
we have 


E3 

ra(I') > 


Y °( J ) 

I'CJ, 

\J\=i 


> 


Y C i+ 1 b(j U I) 


|38j 

n > c i+1 b(I)n, 


I J\=i 


where the second inequality follows from th induction hypothesis. Thus 
a(P) > q 6 (/)n, where q := > 0 , as desired. □ 


Let c be as in Claim 17.71 Then a(0) > cb(y)n for every v G V{F). 
Direct averaging shows that for every / C V(J-) with 0 < |/| < r — 1 
and every c' > 0 such that 6 (J) > c'a(J), there exists v ^ I such 
that 6(7 U {u}) > c'a(I U {u}). Therefore, since 6(0) > |a(0), there 
exists Vi G V(J-) such that 6 ({ui}) > |a({rq}). Similarly, a({ui}) > 
cb({vi,v}) for every v G V(T) \ {ui}, and there exists v 2 G V(J-) \ 
{ui}, such that 6 ({ui,u 2 }) > |a({rq, u 2 }). Applying this argument 
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iteratively, we get the following series of inequalities: 

2 2 

a(0) > c 6 ({ui})n > ^a({vi})n > ^b({vi, v 2 })n 2 > C —a({v 1} v 2 })n 2 > ... 

c r ~ 1 c r 

> yzra({vi, V r -1 })n r_1 > i,v 2 , • • •, v r })n r 

c r 

> ^a({ui ,v 2 ,...,v r })n r . 

In particular, b({vi,v 2 , ..., v r }) > 0, i.e. b({v i, v 2 , ..., z r }) = 1. Thus, 

“(0) > > |.FAB|, 

O V 

a contradiction. □ 

8 . Proof of Theorem 11.11 

In this section we combine all of the preceding results to prove The¬ 
orem [TTTJ In fact, we prove a stronger theorem which directly implies 
Theorem 11.11 We adopt the following notation for the rest of the sec¬ 
tion: $ = Forb(£ r ) and 5* := {T G $ I F covers pairs }. We say that 
an r-graph T is uniquely dense ( around E r ) if A(J £r , £jr) > A(J r *,p) for 
every J 7 * G $*, fi G and, further, the equality holds only when 

J 7 * is isomorphic to J 7 and ji = fjr*. 

Theorem 8.1. If S is a uniquely dense ( m,r,r — 1) Steiner system 
for some m > r > 3, then Forb(7)) is 03(5) -stable. 

Let d >5 and Sq denote the unique (11,5,4) and (12,6,5) Steiner sys¬ 
tems respectively. The following result of Frankl and Fiiredi allows us 
to immediately derive Theorem 11.11 from Theorem 18.11 

Theorem 8.2 (P. Frankl, Z. Fiiredi, [5]). S§ and iSg are uniquely dense. 

It remains to prove Theorem 18.11 

Proof of Theorem \8.1[ Let $ := Forb(7)) and 05 := 05(5). Note that 
a uniquely dense Steiner system is, in particular, balanced. Therefore, 
by Theorem 17.11 $ is 03-vertex locally stable. Clearly 03 is clonable, 
thus from Theorem 13.11 it follows that $ is 03-locally stable. We derive 
05-stability of J from 05-stability of J (which we will prove in a second) 
and the 03-local stability of combined with the following application 
of the Hypergraph Removal Lemma. 

Theorem 8.3. For every e > 0 there exists n$ G N such that for every 
J G J with viJ 7 ) — n >n 0 there exists J 7 C T, T G $ such that 
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We will omit the proof of Theorem 18.31 an interested reader can find 
it in [13]. 

It is easy to see that is thin. Since S is uniquely dense, we have 

{S} = {Jer| A (J 7 , n) = AGT) for some /i e M{T)} =■. T* ■ 

Thus Theorem 14.11 implies that is IB-weakly weight stable, and 
therefore, by Theorem 15. II the family 5 is IB-stable. Note that here we 
are using the fact that both $ and IB are clonable families (unlike 5 
which is not clonable). 

Let a, e > 0 be such that 5 is (IB, a, £)-locally stable and 5 is (IB, ca¬ 
stable. We claim that $ is (*B, a/2)-stable. Indeed, consider 7 6 J 
with v(J r ) = n. We want to show that 

|^| <m(»,n)-|d®(7-), (39) 

if n is sufficiently large. If d^T) < erf then (1391) holds, as $ is 
(IB, a, e)-locally stable, and so we can assume that d^^J 7 ) > erf. By 
Theorem 18.31 there exists T C J 7 such that I# 7 ! > IT 7 ) — e'rf , where we 
choose s' := 0 ^+\) £ - As & i s (®, a)-stablc, we have 

IT 7 ! < | J 7 ) + e'rf < m(*B, n) — ad^{P) + e'rf 

< m(*B, n) — aiyd^J 7 ) — e'rf) + e'rf 

= m(Q3, n) - ^^(J 7 ) + ((a + 1 )e'rf - ^^(J 7 )) 

(X 

< m(93,n) - -d^J 7 ), 

where the last inequality holds by the choice of e'. This concludes the 
proof of the theorem. □ 


References 

1. B. Andrasfai, P. Erdos, and V. T. Sos, On the connection between chromatic 
number, maximal clique and minimal degree of a graph , Discrete Math. 8 
(1974), 205-218. MR 0340075 (49 #4831) 

2. B. Bollobas, Three-graphs without two triples whose symmetric difference is 
contained in a third , Discrete Mathematics 8 (1974), no. 1, 21 - 24. 

3. P. Erdos and M. Simonovits, Supersaturated graphs and hypergraphs , Combi- 
natorica 3 (1983), 181 192. 

4. P. Frankl and Z. Fiiredi, A new generalization of the Erdos-ko-Rado theorem , 
Combinatorica 3 (1983), no. 3-4, 341-349 (English). 

5. _, Extremal problems whose solutions are the blow-ups of the small Witt- 

designs , Journal of Combinatorial Theory, Series A 52 (1989), no. 1, 129 - 
147. 

6. W. T. Gowers, Hypergraph regularity and the multidimensional Szemeredi the¬ 
orem, Ann. of Math. (2) 166 (2007), no. 3, 897-946. 











TURAN NUMBER OF GENERALIZED TRIANGLES 


31 


7. D. Hefetz and P. Keevash, A hypergraph Turan theorem via Lagrangians of 
intersecting families, J. Combin. Theory Ser. A 120 (2013), no. 8, 2020-2038. 
MR 3102173 

8. G.O.H. Katona, Extremal problems for hypergraphs, Combinatorics (Jr. Hall, 
M. and J.H. Lint, eds.), NATO Advanced Study Institutes Series, vol. 16, 
Springer Netherlands, 1975, pp. 215-244 (English). 

9. P. Keevash, Hypergraph Turan problems, Surveys in combinatorics 2011, Lon¬ 
don Math. Soc. Lecture Note Ser., vol. 392, Cambridge Univ. Press, Cambridge, 
2011, pp. 83-139. MR 2866732 

10. P. Keevash and D. Mubayi, Stability theorems for cancellative hypergraphs, 
Journal of Combinatorial Theory, Series B 92 (2004), no. 1, 163 - 175. 

11. T. S. Motzkin and E. G. Straus, Maxima for graphs and a new proof of a 
theorem of Turan, Canad. J. Math. 17 (1965), 533-540. MR 0175813 (31 #89) 

12. S. Norm and L. Yepremyan, Lagrangians of intersecting families, in prepara¬ 
tion. 

13. O. Pikhurko, An exact Turan result for the generalized triangle, Combinatorica 
(2008), no. 28, 187-208 (English). 

14. V. Rodl and J. Skokan, Applications of the regularity lemma for uniform hy¬ 
pergraphs, Random Structures Algorithms 28 (2006), no. 2, 180-194. 

15. J. B. Shearer, A new construction for cancellative families of sets, Electron. 
J. Combin. 3 (1996), no. 1, Research Paper 15, approx. 3 pp. (electronic). 
MR 1383741 (97b:05111) 

16. A.F. Sidorenko, The maximal number of edges in a homogeneous hypergraph 
containing no prohibited subgraphs, Mathematical notes of the Academy of Sci¬ 
ences of the USSR 41 (1987), no. 3, 247-259 (English). 

17. M. Simonovits, A method for solving extremal problems in graph theory, stability 
problems, Theory of Graphs (Proc. Colloq., Tihany, 1966), Academic Press, 
New York, 1968, pp. 279-319. MR 0233735 (38 #2056) 



